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1 Introduction 

The harmonic Hardy spaces are certain classes of harmonic functions, 
usually defined on the unit ball or the upper half-space. Many facts from 
theory have their source in complex analysis and holomorphic Hardy spaces 
HP. They are named in honor of the mathematician G. H. Hardy, who first 
studied them. 

The objective of this paper is to characterize classes and a boundary 
behavior of harmonic functions on a smooth domain in real Euclidean space. 
Most of the presented results come from the Elias M. Stein's book [5]. We 
will concentrate on supplementing the missing or incomplete proofs; the basis 
will be the well-known theory of spaces and nontangential convergence on 
the ball or the upper half-space. 



2 Preliminaries 

Throughout this paper, we will deal with harmonic functions, defined on 
open subsets of real Euclidean space M^, where will denote a fixed positive 
integer greater than 1. Let fl be an open subset of R^; a twice continuously 
differentiable, complex-valued function u is harmonic on Q if 

Am = + ... + = 

at every point ofQ. The operator A is called the Laplacian, and the equation 
Au = is called Laplace's equation. We will use some well-known properties 
of harmonic functions, as the maximum principle or the mean value property, 
without a comment; all this properties may be found in |T]. 

X = (xi, ...,Xn) denote a typical point in M^, and = {xf + ... + x%y^'^ 
is the Euclidean norm of x. By (-, ■) we denote the usual Euclidean inner 
product. Recall, that for every x,y & 

k + = |a;p + 2(x,?/) + 

All functions in this paper are assumed to be complex valued unless stated 
otherwise. For fixed positive integer k, a function / is of class on fl, if / 
is k times continuously differentiable on fl; / is of class C°° on fi, if / is of 
class C'' for every k. We say, that / is of class C^'^ on Q, if / is of class C^, 
and V/ satisfies the Lipschitz condition 

\Vf{x)-Vf{y)\<A\x-y\, \/x,yeQ, 
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where A < cxd is a positive constant, and 

df df 



dxi ' ' dxN 



is the gradient of /. For fixed positive integers n, k, a vector-valued function 
F: fl ^ R", F = (Fi, is of class C'^ on fl, if the component functions 

Fj, i = I, n, are of class C'' on fl. 

For C R^, (^(F) denote the space of continuous functions on E. 
B{a,r) ^ {x em^ :\x - a\ < r} is the open ball centered at a e and 
radius r > 0. If the dimension is important, we write BN{a,r) in place of 
B{a,r). The unit sphere, the boundary of B{0, 1), is denoted by S. 

We will also deal with smooth domains in M^; by a smooth domain, 
we mean a bounded domain with the boundary at least of class C^. More 
precisely, we say that a bounded domain D C R^ has a boundary of class 
C^, if there exists a real- valued function A defined in a neighborhood of D 
with the following properties: 

1. A is of class C^. 

2. A(x) < if and only if x G -D. 

3. {x : X(x) = 0} = dD. 

4. |VA(x)| >OiixedD. 

Throughout this paper, we will assume that D is a bounded domain in R-^ 
with the boundary of class C^, and a function A of the above type will be 
called a characterizing function for D. 



N 



3 Properties of smooth domains in R 



In this section we will show some important properties of D. Let A be a 
characterizing function for D. For y G dD denote 



VA(y) 
|VA(?/)|' 



the outward unit normal vector field to dD. By the property 1 of A (and 
mean value theorem), there exists a positive constant c, such that 

|VA(a;) - VA(7/)| < c\x - y\ 
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for every x,y G dD; property 4 implies, that there exists positive constant 
c', such that for each y e dD 

|VA(y)|>c'. 
Denoting Cq = 2c/c', we conclude 



VA(,t) VX{y) 



|VA(x)| |VA(y)| 



VA(,t) VA(y) , VX{y) VX{y) 



|VA(x)| |VA(x)| |VA(x)| |VA(y)| 



|VA(x)| |VA(y)| 



IVAQO- VA(y)| 
|VA(x)| 



|VA(|/)| 



|VA(y)|-|VA(x)| 



|VA(x)||VA(y)| 



^, |VA(.) V.(,)| ^ 
|VA(x)| 

for every x,y E dD. 

For e and r > let r) = r) n (dD). 

Lemma 3.1 There exist positive constants p, Mi, M2, so that to each point 
y G dD there corresponds a local coordinate system {x-iZ), where x G M^^^, 
2; G IR and every point x G K{y,p) is represented as x — {x,z), and a 
function (pyi Sjv-i(y, p) such that 



defy 



dxi 



d'^iPy 



dxidxj 



<M2, Vi,j G{1,...,7V-1}, 



and 



K{y, p) = {{x, Vy{x)) : X G BN-i{y, p)} n B^iy, p). 



Proof. Since A is of class in a neighborhood of I?, there exists ci, C2 > 
such that for every y G dD and i, j G {1, N} 



9A 
dxi 



{y) 



< Cl, 



d^X 



dxidxj 



<C2. 



Moreover, because dD is compact and |VA(a;)| > c on dD for some c > 0, 
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there exist r, c' > 0, such that for every y e dD we can choose i e {1, A^} 
so that for x e dD and \x — y\ < r we have 



dxi' 



X 



>c'. 



So let y e dD and take i G {1, iV} like above; for x e r) let 
and denote 



By implicit function theorem, there exist constants p,p', < p < p', and a 
function ipy-. BN_i{y, p') —>■ M, such that: 

1- K(y,p) = {(x,ipy(x)) -.xe BN-i(y,p')}nBN(y,p). 

2. For every x e BN_i{y, p'), X{x, '{>y{x)) — and 



dxi 



X,^y{x)) 



- " i = 1 A'" — 1 

dxi''^' §{x,^y{x))' 

Since is compact, we may choose p, p' independently on y, and take 
p' = p. Additionally we may assume, that p < r. Hence 



dx, 



< ci/c' = Ml. 



Moreover, by 2. we conclude, that ipy is of class and 

_ / §-{x,vyix)y 



dxjdxi 



X 



dx, \ f^{x,^y{x)) 



a (dx 

dxi 



{§{X,iPy{x)))§^^{X,<fy{x)) 



a / ax 



axj \ dxi 



Xi^y{x))] f^{x,^y{x)) 



{%{X,^y{x))Y 

e^,{x,^y{x)) + 0(x,v.,(x))fe(x)) §-(x,^y{x)) 



{§{x,^y{x))y 
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Therefore 



'x] 



dxjdx^ 



< 2 



C1C2 



c' 



Mo 



□ 



Lemma 3.2 (ball condition) 

There exists r > 0, such that for each y G dD there are balls B(cy, r), B[cy, r) 
that satisfy 



1. B{cy,r)r\D-^{y}. 

2. B{cy,r)nD^{y}. 

Proof. By Lemma 3.1, there exist positive constants p and M, such that to 
each point y G dD there corresponds a local coordinate system {x, z), where 
X e IR^"-*^, 2; e IR and every point x e K{y,p) is represented as a; = {x,z), 
and a function (py-. Sjv-i(y, p) — > such that 



d'^ifiy 



dxidxj 



<M, Vi,j e{l,...,7V-l}, 



and 



^iy^ p) = ^y{x)) ■ X e BN-i{y, p)} n BN{y, p). 



By the mean value theorem, for some M' > 0, every y e dD and every 
X e K{ii, p) we have 

\ViPy{x) -V(Py{x')\ <M'\X-X'\. 

We show, that there exists positive constant r = r{M',p), such that for 
every y E dD, B(y - ruy, r) C D and B{y + ruy, r) C R^\D. Let y e dD; 
without loss of generality we may assume that y = and z = xj^ (in the 
local coordinate system near 0). Moreover, we may assume (by a rotation 
of the coordinate system if necessary), that uq = ejy = (0, ...,0, 1). This 
implies, that Vv?o(0) = 0; therefore |Vv5o(^)| < M'\x\ if \x\ < p. Moreover, 
the Taylor expansion gives (fiQ{x) — (V(fiQ{9x),x) for some 9 e (0,1), and 
hence 



Properties of smooth domains in R 



7 



|9?o(^)| < ■ \x\ < M'e\x\^ < M'\x\'^. 

Now observe, that 5'(reAr,r), the sphere with center in (0, ...,0,r) and radius 
r, touches the hyperplane {xn — 0} at the origin and the lower hemisphere 
is represented as 



Xn = 1pr{x) = 




Since y/T^ < 1 - 1/2 for < t < 1, it follows that for \x\ < r 




So take r < min {1/2M', p/2}; for \x\ < r we have 

-1pr{x) < (Po{x) < A{x), 

where —ipr represents the upper hemisphere of S{—reN,r). Because r < p/2, 
we conclude, that 

B{-reN, r) C D, B{reN, r) C ]R^\L'. ^ 

Obviously, in the lemma above we take Cy = y — ruy and Cy — y + ruy. 

Observe, that Lemma 3.2 may be proved without the assertion, that 
the functions ipy from Lemma 3.1 are of class with uniformly bounded 
derivatives. In fact, it suffices to assume, that for every y e dD, V(py satisfies 
the Lipschitz condition with a constant, which does not depend on y. This 
property characterize the domains with the boundary of class C^'^. More 
precisely, we say that a bounded domain Q C M.^ has a boundary of class 
C^'^, if there exist positive constants p, A, such that to each point y G dfl 
there corresponds a local coordinate system {x,z), where x e ]R^~-^, z e R 
and every point x G (dD) r\B]sf{y,p) is represented as x — {x,z), and a 
function (py-. B]sr-i{y,p) — > R, such that 

\V(Py{x) -V(Py{x')\ <A\X-X'\ 



and 

(dfl) n BN{y, p) = {{x, ipy{x)):xe BN-i{y, p)} n BN{y, p). 
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Moreover, it is possible to prove the reverse assertion to Lemma 3.2: if a 
bounded domain fl C satisfies the ball condition, then dfl is of class C^'^ 
(for the proof, see p]). 

In the next part of this paper, by a we will denote the area measure on 
dD. For y G dD, let p > and ipy be as in Lemma 3.1. Then, by definition 
of cr, for an open set E C K{y, p) we have 



J {x:xeE\ 



< {x-.xeE} 

where x means the projection of x into M'^"^ x {0} x M^~^, for some 
k G {1, A^} (for more details, see [Ij). 

Lemma 3.3 There exist positive constants ci,C2, such that for each r > 0, 
r < diam(D), and each y G dD we have: 

cir""-^ <a{K{y,r)} < Car^-^. 

Proof. By Lemma 3.1, there exist positive constants p and M, such that to 
each point y G dD there corresponds a local coordinate system (x, z), where 
X G 2; G M and every point x G K{y,p) is represented as x = (x, 2;), 

and a function ipy\ B^-iijj.p) — M, such that 



dip. 



dxi 



< M, z = 1,...,A^- 1, 



and 

K{,y, p) = {{x, (Py{x)) : X G BN-i{y, p)} D B^iy, p). 

By first inequality, 

\Vy^) ~ Vy^')\ ^ sup |Vv2y| ■ \x — x'\ < M\x — x'\. 

Let r < p. If X G |(x, (Pyix)) : x G -Bw-i (ij, r/ V I + j |, then 

\x-y\ = \(x-y,^y(x) ~<Py{y))\ = y^|x-y|2 + \<py(x) - Vy{y)[' 



< y 1 + M^\x -y\ < r. 
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which means, that x G K{y,r), and hence 



a{K{y,r)} > a (^|(a;, : x e B^_^ {y,r/\[l + M^ |^ 



. _.,,l+\'^iPy{x)\^dx 



where m^^i denotes the iV — 1 dimensional Lebesque measure. Obviously 
K{y,r) C {{x,ipy{x)) : x G i?iv_i(y, r)}. Therefore 

a{K{y,r)}<[ ^ I + \V^y{x)\^dx 

< A/l + M2^iv-i(5^-i(y,r)) = c' • r^-\ 



So the estimate is proved for r < p. Since 9/^ is compact, we conclude that 
a{dD) < oo. Now suppose r > p. We have 



a {K{y, r)}>a {K{y, p)}>c- p^"^ = c • (^) 



N-l 

diam(D) 



<7{X(t/,r)} < a{dD) < "-^T^-' < c,t''-\ 



where C2 = max {c', cr((?D)/p'^ 



□ 



Denote 5{x) — dist(x, the distance of x to the boundary of D. 
Observe, that for every x, x' G we have 

5{x) <\x- x'\ + 5{x'). 

By symmetry 

5(a;') < \x-x'\+ 5{x), 
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and thus 

S{x') — \x — x'\ < 6{x) < \x — x'\ + S{x') 
— \x — x'\ < S{x) — S{x') < \x — x'\ 
\S{x)-S{x')\ < \x-x'\. 

In particular, 5 is continuous function on R^. For r > 0, denote 

Dr = {x eD : 6{x) < r} . 

Lemma 3.4 Let r be the constant from Lemma 3.2, and let Tq — r/4. There 
exists a map i:: Dr ^ dD such that for every x & Dr we have 

|7r(x) — x\ — S{x) 

and 

|7r(x) - 7r(y)| < 4\x - y\ 

for every x,y E Dr„ . 

Proof. By Lemma 3.2, there exists a unique map tt on Dr, that satisfies 

\'k{x) — x\ — 5{x). 

In fact, since dD is compact, for every x E D^. there exists x' G dD, such that 
\x — x'\ = S{x). Because < S{x) < r, B{x,S{x)) n dD — {x'} by Lemma 
3.2, and we set 7r{x) — x' . 

Now choose x,y E Dr^ and suppose |x — y| < 8{x). Observe, that 7r(x) = 
t:{z) for each z from the set 

/={vr(a;)+t^^^:te[0,25(a;)]|. 

Because I C B{x,5{x)), there exists x' E /, such that \y — x'\ — dist(|/, /) 
and (y — x\x' — 7r(x)) = 0. Obviously 5{x') — \x' — 7r(x)| < 2ro; by Lemma 
3.2 

B{7:{y)-2{T:{y)-y),25{y))^D 

and 

B{tx{x) - 2{t^{x) - x'), 25{x')) C D. 

Hence we have 
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1. 2\TT{y) -y\< |7r(|/) - 2(7r(|/) - y) - 7r(a;)| 

2. 2\7r{x) - x'\ -\y- 7r{x)\ < \7r{y) - y\. 

From 1 we conclude 

4|7r(y) - <\y- n{y) + y- n{x)\^ 

4|7r(y) - y\^ < \y - 7r(y)|' + 2{y - n{y),y - 7r{x)) + \y - 7r(x)|' 

-y|^-2(y-7r(y),y-7r(x)) < |y - 7r(x)|^ - 2|y - 7r(y)|^ 

\7r{y) - y\^ - 2{y - 7r{y),y - 7r{x)) + \y- Tr{x)f < 2\y - Tr{x)f - 2\y - 7r{y)\^ 
\n{x) - 7r(y)|' < 2\y - 7r(x)|' - 2\y - 7r(y)|l 

2 gives 

\n{x) - 7r(y)|2 < 2\y - 7r(x)|2 - 2(2|7r(a:) - x'\ - \y - 7r{x)\y 

Because {y — x', x' — Tr{x)) — 0, we have \y — 7r(a;)p = \x' — y\^ + S{x'y, and 
hence 

86{x'){\y - 7i{x)\^ - 6{x'f) ^ 86{x'){\y - n{x)\^ - 6{x'f) 
\y-TT{x)\+6{x') - 2S{x') 

= 4(|x' - y\^ + S{x'f - S{x'f) = 4|x' - y\^. 

Obviously \x' ~ y\ < \x — y\, and thus |7r(a;) — 7r(y)| < 2\x — y\. 
Now if |a; — y| > 5{x), then we have 
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- 7r(y)| < |7r(a;) - x\ + \x - y\ + \y - Tr{y)\ = S{x) + \x - y\ + S{y) 

= 25{x) + \x-y\ + 5{y) - 5(x) < 3\x -y\ + \5(y) - 5(x)\ 

< 4|x-y|, 

what gives the conclusion of the lemma. 

The map vr from Lemma 3.4 will be called an orthogonal projeciion. 
Observe, that if r is the constant from Lemma 3.2, then for x & Dr we have 

X = 7r(x) - S{x)u^i^^). 

Lemma 3.5 Let r be the constant from Lemma 3.2, and let ro = r/4. Then 
the function 5 is of class C^'^ inside Dr^ . Moreover, for a & S we have 

S(x + ha) — S(x) . . 
hm = (a, 

Proof. Choose x e Int(Dro) and a & S. First observe, that 

26{x) — \ha — {x — 7r(a;))| < 6{x + ha) < \ha + x — 7r(a;)| 

for \h\ < S{x). We have 

5{x + ha) — 5{x) > 5{x) — \ha — {x — 7r(x))| 

= 5{x) - _ 2h{a, X - 7r{x)) + 

^ 2{a, X — n{x)) — h 

S{x) + y/W^ 2h{a, X - 7r{x)) + {6{x))^ ' 

S{x + ha) — S{x) < \ha + x — tt{x) \ — 5{x) 
= ^h^ + 2h{a, X - 7r{x)) + {5{x))^ - S{x) 
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^ 2{a, X — tt{x)) + h 

^h^ + 2/i(a, X - 7r(x)) + {f{x^ + ' 

If /i > 0, then 

5(x + /ia) — ^{x) ^ 

2(a, X — 7r(x)) — /i-^o (a,x — 7r(x)) 

+ 2/i(a, X - 7r(x)) + ~^ W) ' 

similarly 

b{x + ha) — ^{x) 

h - 

2(a, a; — 7r(a;)) + /i /i^o (a, .x — 7r(x)) 

+ 2/i(a, x - 7r(x)) + ((5(x))2 ' ' 

if /i < the inequalities are reverse. Because \x — 7r(x)| — ?){x\ we have 

7r(a;) — x 

Now |7r(a;) — 7r(|/)| < 4|a; — 1/| on by Lemma 3.4; recalling, that |t^2 — < 
Co I — 2;' I on dD^ we conclude 

< co|7r(y) - 7r(x)| < 4co|a; - y\ 

for every x,y & Int(I?ro)- ^ 

Lemma 3.6 Let n be the orthogonal projection. There exists r > 0, such 
that TT is of class inside D^. 

Proof. Choose y e dD. It suffices to show, that there exists r > 0, such 
that TT is of class on D r\ B{y,r). Let p. Mi, M2 be the constants from 
Lemma 3.1. Assume additionally, that p satisfies the assertion of Lemma 3.2. 
Then there exists a local coordinate system {x,z), where x e M^~^, ^ e M 



85 85 
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and every point x e K{y,p) is represented as x = {x,z), and a function 
(fiy-. Sjv-i(^, p) —>■ R, such that 



dxi 



<Mi, 



dxidxj 



<M2, Vi,ie{l,...,7V-l}, 



and 



Without loss of generality we may assume, that z = x^. Additionally we 
may assume, that 



BN{y,p) nD = {{x,xn) ■■ X e BN-i{y,p) Axn < v^y{x)} n BN{y,p). 

Then for x G Sjv_i(|/, p), w{x) = {—Vipyix),!) is the outward orthogonal 
vector field to dD in a; = {x,ipy{x)) e K{y,p). Since > 0, we have 

w{x) 

\w{x)\ ^ 

Let 

F{x, t) = {x, (fy{x)) - t ■ w{x), X e BN_i{y, p),t eR. 

Because ipy is of class C^, F is of class on i?jv_i(f/, p) x M. 

Observe, that since p satisfies the condition of Lemma 3.2, for p' < p/2 
and X E D n B^i^y, p') we have 



\tt{x) — y\ < |7r(x) — x| + |x — y| = 5{x) + \x — y\ < 2\x — y\ < p, 
so 7r(a;) e K{y,p). Therefore, if we denote ^{x) — ^'K{x),(fy ^7r(x)^^, then 

= 7r(a;) - = x. 

Since |'u;(a;)| > 1, we have 
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DnBN{y,p')cF{BN-i{y,p) x (0,p'))- 



The Jacobian matrix of F{x, t) — {x + tVipy{x), (fiy{x) — t) has a form 



J{x, t) 



(x) 



^ dxidx2 ^"^ 



t 



dxidx\ 



(x) 



^ dxidxM-i^"^^ ^ dx2dxff-i^'^^ 
dxi ^"^^ dx2 ^"^^ 



dxj^_idx2 



9g (-\ 

dXN- 



Therefore, if i — > 0, then J tends to the matrix 



1 







1 



dxi ^"^^ dx2 

(x) 



^(^) 







99 (-\ 

9a: jv- 



dXN-l 



Since ipy is of class and 



dxi 



<Mi, 



dxidxj 



<M2, e{l,...,N-l}, 



t-»o 



det J det Jo uniformly on B^-iiy, p)- A simple calculation shows, 

that det Jo(x) = —\V(py{x)\'^ — 1. Hence, there exists r > 0, such that 
det J(x, t) for every x G i?7v-i(^, p) and t G (0, r). We may assume, that 
r < p/2. By inverse function theorem, F is invertible in B]\j^i{y,p) x (0,r), 
and F^^ is of class in F{B]y_i{y, p) x (0, r)). In particular, F~^ is of class 
in Dr\BN{y,r). 

Now if X G n Bf^{y,r), then x = F{x',t) for some G 5jv_i(y, p) 
and t G (0, r). Thus, if we denote F-\x) = {F^\x), F^^{x)), then for 
i G {1, A?" — 1} we have Ff^{x) — x[. On the other side. 



X 



{x',ipy{x')) =Ti{x) = {tti{x),...,ttn{x)), 



since p satisfies the condition of Lemma 3.2, and r < p. Hence 
7ri{x)=x', = Fr\x), z = 1, - 1. 
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Moreover, 

TTNix) = = ^y{x') = (Py{7li{x), TTN-lix)), 



and thus tt is of class in D n B{y, r), as desired. ^ 

Corollary 3.1 Let tq be as in Lemma 3.5. There exists r > 0, r < ro, such 
that S is of class inside Dj.. 

Proof. By Lemma 3.5, for every x G D^o and i — 1, N we have 

dS _ {ei,x - Ti{x)) _ Xj - ^^{x) 

dxr>~^^'' ^^^^ - ^^^^ . 

By Lemma 3.6, there exists r > 0, such that tt = (tti, .... tin) is of class in- 
side Dr. If we assume additionally, that r < ro, then 5 is of class inside D^.. 

□ 

Now we will introduce some facts from classical harmonic analysis on a 
smooth domain D C M^. Let Gd{x, y) be the Green's function for D, defined 
in {D X D)\{[x,x) : x e D}. It is uniquely determined by the following 

properties: 

1. is of class on {D x D)\{{x,x) : x & D] and of class C^~^ up to 
{D X D)\{{x,x) -.xeD}. 

2. AyGoix, y) — for every y & D and y ^ x. 

3. Gd{x, y) -\-Vn{x — y) is harmonic on D for each fixed x & D, where Fjv 
is the fundamental solution for the Laplacian on R^, given by 



(27r)-Mog|a;|, = 2, 

{2-N)-'uj^\,\x\'~^, N>2, 



ujn-\ is the area measure of S in R^. 
4. GD{x,y)\y^dD — for each fixed x & D. 
The function 

Pnix,y) = -'-^^, 

defined in L> x dD is the Poisson kernel for D. It is continuous and strictly 
positive on D X dD. Moreover, by the use of Green's theorem, one can prove 
the following property: if u is harmonic on D and continuous on D, then 



Properties of smooth domains in 17 



u{x) = PDix,y)u{y)da{y), xeD 

IdD 



(for more details and proofs, see |3j|). Now, since D is a domain with the 
boundary of class C^, the Dirichlet Problem is solvable. More precisely, for 
each / G C{dD), there exists F G C{D), such that F\dc) = f and F is 
harmonic on D (a good source for these results is [T]). Hence 



Fix)= / PDix,y)fiy)daiy), x E D. 

JdD 

Moreover, the maximum principle for harmonic functions implies, that F is 
unique (since D is bounded). Using this facts, one can prove the following 
known properties of the Poisson kernel for D: 

1. Pd{x, ■) > Cx > 0, for each fixed x E D. 

2. For every x E D, 

/ PDix,y)da{y) = 1. 

JdD 

3. For any r] > and any fixed y E dD, 

lim / PD{x,y)da{y) = 0. 



DBx^y 



dD\K{y,r,) 



4. PD{-,y) is harmonic on D for each fixed y E dD. 

Unfortunately, Pd almost never can be computed explicitly. However, in 
the special case when D = B{a,r), the Poisson kernel is given by 



PB{a,r) {X, y) 



2 1 12 

r — X — a 



UN-ir \x-y 



N 



By the formula above and Lemma 3.2, we have the following inequality (more 
details also may be found in [3j). 

Lemma 3.7 There exists a positive constant C , such that for every x E D 
and y E dD we have 



Properties of smooth domains in 18 

Proof. Fix X E D, y G dD. Choose, by Lemma 2, r > (which does not 
depend on y), such that 

By^B{y + rUy,r)GD''. 

Let Gj^c be the Green's function for By. Observe that Gd{x, •) = on dD, 
whereas Gj^dx, •) > on dD. Since G^dx, •) — Gd{x, •) is harmonic on D, 
it follows that 

GD{x,t) <G§^^{x,t), teD 
Goix.y) = G^{x,y) = 0. 

Therefore 

dGr>{x,y) ^ dG^ {x,y) 
Pn{x,y) = ^ < ^ = P~^.{x,y). 

The Poisson kernel for By has a form 

1 2 1 ~ 12 

Ps (x, = ^ — -f^, xeBy,te dBy, 

where c^^ = y + ri/j,. By Kelvin transform, the Poisson kernel for By is 
-Pgc {x, t) 



1 I ~ 12 2 

1 |a; — c^^l — r 



ujn-it \x — t 
Hence we have 



N 



PD{x,y) < 



1 \x — c„P — 



OJN-iT \x — t\" UJN-lf 



{\X-Cy\ 




%-y\){\ 




\+r) 




\x — 1\ 


\N 



^ 1 {\x-y\){\x-y\ + 2r) ^ disim{D) + 2r 1 _ C 



ujn-it \x — ojn-it \x — y\^ ^ \x — y'-^ ^ 



□ 
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In the next sections we will deal with the Banach spaces L^^dD), where 
1 < p < oo. When p e [l,oo), LP^dD) consists of the Borel measurable 
functions / on dD for which 

ll/llp=(^^l/r^^)'<oo; 

L°°{dD) consists of the Borel measurable functions / on dD for which 
ll/lloo ^ 'vv^here ||/||^ denotes the essential supremum norm on dD 
with respect to a. The number q e [l,oo] is said to be conjugate to p if 
1/p + 1/q — 1. Ifl<p<oo and q is conjugate to p, then L'^{dD) is the 
dual space of U'{dD)\ we identify g e L'i{dD) with the linear functional Ag 
on U'{dD) defined by 

A,(/) ^ [ fg da. 

J an 

Let 1 < p < cxo and let q be conjugate to p; we say, that the se- 
quence {gn} C L^{dD) converges weak* to ^ e L<i{dD), if A,„(/) A A^(/) 
for every / G U'{dD). Note that because cr is a finite measure on dD, 
LP{dD) C L\dD) for all p e [l,oo]. Recall also that C{dD) is dense in 
LP{dD) for 1 < j9 < oo. 

For / e L^{dD) and fi e M{dD) (the set of complex Borel measures on 
dD), we define the Poisson integrals of / and /x, respectively as 

MfM^)- I PD{x,y)f{y)da{y), 

JdD 

Pd[iA{x)= j PD{x,y)dfi{y). 

JdD 

Differentiating under the integral sign, we see that Pd[/] and Pd\iA are har- 
monic for every / G L}{dD) and ji e M{dD). 

4 The spaces (D) 

As we said before, D is a bounded domain with the boundary of class C^, 
and A is a characterizing function for D. Of course there are infinitely many 
such characterizing functions. Now we will show, that every characterizing 
function is comparable to 6 near dD. Recall that Dr = {x E D : 6{x) < r}. 
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Lemma 4.1 Let X be a characterizing function for D. There exist positive 
constants C, r, such that for every x E Dj. 



M 
c 



< -X{x) < CS{x). 



Proof. By the properties of characterizing function, there exist positive 
constants ci,C2,ri, such that ci < |VA(a;)| < C2 for every x e Dr^. Assume 
additionally, that ri satisfies the condition of Lemma 3.2. Moreover, we may 
assume, that for some C3 > and every x,y & D^^ we have 

\V\{x)-V\{y)\ < C3|a;-7/|, 

since A is of class in a neighborhood of D. Hence, similarly as in section 
3 we conclude 



VA(x) VA(y) 



|VA(x)| |VA(y)| 



<Ci\x-y\, x,yeDri, 



where C4 = 2C3/C1. Take r2 = min{ri, I/C4}, and fix x G Dj-.^- By Lemmas 
3.2 and 3.4, B{x, S{x)) HdD = {t:{x)}. Moreover, for every t e (0, 1), 



tx + {l- t)n{x) e Dr^. 



Let 



fit) = X{tx + {l-t)n{x)), te[0,l]. 
Then / is diff'erentiable, and 

f'(t) = {VX(tx + {l-t)7r(x)),x-7r(x)). 

Thus we have 

-X{x) = -{X{x) - X{n{x))) = -(/(I) - /(O)) = -f{9) 

= {VX{9x + (1 - 9)7r{x)),7r{x) - x), 
for some 9 e (0, 1). Denote xg — 9x + {1 — 9)7r{x); therefore 



-X{x) = {VX{xo),7t{x)-x) = (^^'^^^|^)|VA(x,)|5(x) 
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( 



VXjxe) VA(7r(x)) 
|VAM|'|VA(7r(x))| 



)\VX{xeMx) 



VA(:r9) 
\VX(xe)\ 



VA(7r(xO) 
|VA(7r(x))| 



2 



2 - 



2 



|VA(a;e)|5(a;). 



Now observe, that 



VA(xg) VA(7r(x)) 
IVAMI |VA(7r(x))| 



< C4|a;6i— 7r(x) I = C4^|x— 7r(x)| < C4S{x) < 04X2 < 1, 



since x^i e £)r2- Hence 




what gives the conclusion of the lemma. 

□ 

Each characterizing function A determines a family of approximating sub- 
domains D^, for e sufficiently small and positive. Clearly, by the properties 
of characterizing function, there exists c, r' > 0, such that for every x G Dr', 
|VA(x)| > c. Moreover, we can choose e\ > Q with the property, that if 
< £ < £a and A(a;) = — e, then x G Dfi (Lemma 4.1 may be helpful here). 
For e as above let D\ = {x : \{x) < —e}. Then dD^ is the level surface 
{x : X{x) = —e}, and X{x) + e is a characterizing function for Dj^ (thus dDj^ 
is of class C^). 

Let (Te be the area measure on dD\. Let n be the orthogonal projection 
onto dD. Then we may choose e\ so small, so that for each < e < ex, (7^ is 
locally a transform of the measure a in the following sense. For y G dD^ let 
{x, z) be the local coordinate system near y and a real- valued function 
as in Lemma 3.1 (thus every point x G dD\ near y is represented bbx — (af, z), 
where z — (Py{x), and x means the projection of x into R'^"^ x {0} x R^"'^, 
for some k G {1,...,A^}). We may assume, that the same local coordinate 
system (x, z) corresponds to the neighborhood of niij) in dD (which means 
the same projection x, but here z = 937r(2/) (2^) ) • For x near y denote 



TTeix) = n{x,cpl{x)). 
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Then there exists po > (which does not depend on e and y, < e < ex, 
y e dD^), such that 

det J5f^ {x) > > 0, \/xe{x:xe B{y, po) n dDl) , 

where J^f^ is the Jacobian matrix of tt^. Moreover, det J^^{x) tends to 1 as 
£ — > uniformly with respect to x & {x : x ^ B{y, po) fl dD^} (what can be 
proved explicitly, by the use of some facts contained in the proof of Lemma 
3.6). Thus TTs is invertible in {a; : a; e B{y,po) n OD^}, and we have 

a,{B{y, Po) n ODD = [ Jl + \V^lix)\^dx 

J {x:xeB{y,po)ndDl} ^ 

= / Jl + \Vipl{n-\wWdetJ~-.{w)(m 

Jne{{x:xeB{y,po)ndDl}) * 



/ — — - det J~~i(w)da('w), 

Jk. V1 + |V(^.(,)(IZJ)P ^ ^ ^ ^' 

where 

Ke = {{w,^„(^y){w)) ■.wene{{x:xeB{y,po)ndDl})}. 



Therefore we conclude, that if < £ < £a, then :— nlgD^ is invertible, and 
for / e C{dD\) we have 

/ f(x)da,{x) = f f{7r;\y))My)My): 

JdDl JdD 

where 0^ is locally well defined, and tends to 1 uniformly as £ — > (thus we 
may assume, that (f>£ < 2 for every < £ < £a). 

Now for fixed characterizing function A, £a as above and 1 < p < oo, we 
define a space hF{D) to be the class of function u harmonic on D, for which 

\\u\\^p — sup I / \u{x)\^dae{x) j < oo. 

0<£<£A \JdDl J 

The spaces h^{D) are called "harmonic Hardy spaces". Note that h°°{D) is 
simply the collection of functions harmonic and bounded on D, and that 

xeD 
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Moreover, F(L') C h'^{D) iov 1 < q < p < oo. 

Observe, that since a^{dD\) < 2a{dD) for every < £ < £;^, the harmonic 
function u G ^{D) if and only if 



sup I / \u{x)Ydae{x) 1 < oo 

0<£<£' \JdDl J 



for every < e' < e^- 

The next lemma shows, that the definition of ff{D) does not depend on 
characterizing function. 

Lemma 4.2 (Stein) 

Let Ai and A2 be two characterizing functions for D. Then for each p, 
1 < p < 00, and each harmonic function u on D, the two conditions 

sup / |M(a;)|^(icr*(a;) < 00, i — 1,2, 

0<£<£,. \JdDl. J 

are equivalent (a], is the area measure on dD\J. 

Proof. It suffices to show, that the last condition for i = 1 implies the same 
condition for i = 2. Because for p = 00 the conclusion is trivial, we may 
assume that 1 < p < 00. Denote 



M= sup [ \u{x)\Pdal{x). 



Let r > be the constant from Lemma 4.1, such that Ai and A2 are compa- 
rable to 6 in Dr. Clearly, there exists C > 0, such that 

--^ < -Xi{x) < CS{x), i = 1, 2, xe Dr. 

We may assume, that C > 1. Take £0 > 0, so that if < £ < £0 and 
Xi{x) — — £, i — 1,2, then x e Dr. Assume additionally, that 

First we show, that there exist positive constants c, Ci, C2, so that if < £ < £0 
and X e dD\^, then 
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B{x, ce) C {y : -Ci£ < Xi{y) < -C2e} = L^. 



Let c < and choose < e < Eq, x & dD\^. Thus, by Lemma 4.1 

S{x) 



C 



< -A2(x) < C6{x), 



5{x) 
C 

e 



<e< C6{x), 



C 



< d{x) < Ce, 



since x E D^. li y G B{x, cs), then we have 

S{x) — \x — y\ < S{y) < 5{x) + \x — y\, 



e{--c] < 5{y) <{C + c)e. 



Since (C + c)s < 2Ceo < r, y & Dr and thus 



c 



< -\,{y) < C5{y), 



Denote ci = C(C + c), C2 = ^ ~ c). Therefore we have 

B{x, ce) c L^^{y : -ae < Xi{y) < -C2e} . 

for every < e < Sq and x G dD\^. 

Now, by the mean value property and Jensen inequality. 



csS " / u{y)dy 

B{x,ce) 



\u{x)\P^ 
Therefore, for < £ < £o we have 



< 



C3£-^ / \uiy)\Pdy. 

Jb{x,C£) 
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-^^^Aa \JB{x,ce) J 



dDl^ JdDl^ \JB{x,ce) 

= C3£"^/ / Xe(x,y)da^^{x)] \u(y)\Pdy, 

where Xei^Tll) is the characteristic function of the ball B{x,ce). Observe, 
that 

/ Xe{x,y)da^{x) ^0 

JdDl 

^2 

for y ^ = {y : —ciS < Xi{y) < —C2S}. Moreover, there exists positive 
constant C4, such that for every < £ < £0 and y E we have 



Xe{x,y)da'^{x) < c^e^ ^ 

A2 

(by Lemma 3.3 and the properties of the transform (f)^). Hence 



f \u{x)\Mal{x) < csc^e-' [ \u{y)\Pdy 
C5£"'^' \u{y)\Pdal{y)\dr]<c^{ci-C2)M, 



/c2£ \JdDl 

since CiS < 2C^£o ^ ^Ai- Thus the lemma is proved. 



□ 



By definition, if u is harmonic and bounded on D, then u G h°°{D). The 
next lemma shows a similar result for p < 00. 

Lemma 4.3 Let 1 < p < 00. Suppose u is harmonic on D, and there exists 
a positive harmonic function h on D, such that \u{x)\^ < h{x), for every 
X e D. Then u e h^iD). 

Proof. Fix xq & D and let Xq{x) — —Gd{xo,x). Since 

|VAo(y)| = \WyGn{xo,y)\ = -^^^^ = PD{xo,y) > c^o > 0, 
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for every y G dD and Ao|aD = 0, Aq is a characterizing function for D (near 
the boundary). Let £o = ^Ao > be so small, so that Dq = are well- 
defined approximating subdomains for < £ < £o- Then Dq are of class 
and have their Green's functions Gn^ and Poisson kernels Pn^. 
Now observe, that by the properties of the Green's function, 

Goiixo, x) = Goixo, x) - e, 

for every x G Dq, x ^ Xq, since Gd{xq, ■)\dDi = Hence 

Pd^o(^o,x) = \'^xGD^oixo,x)\ = \'^xGd{xo,x)\, X e ODq, 



and 



h{xo) ^ / Pd^{xo, x)h{x)dae{x) ^ / \VxGD{xo,x)\h{x)das{x). 

JdDf, JdD% 



Now, because \V yGD{xQ,n{x))\ = P]j{xQ,n{x)) > c^^ > for every 
X & D, where tt the orthogonal projection, there exists £i > 0, such that 



\VyGn{xo,x)\>''''° 



2 ' 

if S{x) < El. Since 5|az)g tends to uniformly as e ^ 0, we may choose 
£2, < £2 < ^0; such that the last inequality holds for x G ODq, whenever 
< £ < £2. Thus 

h{xo) ^ / \'^xGD{xQ,x)\h{x)das{x) >^ / h{x)das{x), 

for < £ < £2, and we have 

sup I \u{x)Yda^{x) < sup f h{x)da^{x) < J}Ljll_ 

)<£<£2 JdD^ 0<£<£2 JdD^ C-XQ 



0<£<£2 JdD^ . 

By Lemma 4.2 we conclude, that u G If{D). 



□ 



A simple corollary of Lemma 4.3 is, that every positive harmonic function 
on D belongs to h}{D). In particular, for fixed y G dD, Po^-^y) G h}{D). 
Moreover we have 

1. If /X G M{dD), then Pd[/x] G h}{D). 
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2. If 1 < p < oo and / G U\dD), then Pd[/] G hF{D). 

To see 1, choose /i G M{dD) and let = -PdM- Then for every x & D 
we have 



PD{x,y)dfj.{y) 



dD 



< / PD{x,y)d\fi\{y). 



dD 



Since |//| is positive and finite measure on dD, Pd[\iiW is positive and har- 
monic in D, and by Lemma 4.3, u G h^{D). Proof of 2 is similar. For fixed 
1 < p < oo, / G LP{dD), let u — PdIJ]- Then by Jensen inequality we have 



\u(x)\P 



PD{x,y)f{y)da{y) 



dD 



< / PD{x,y)\f{y)\''da{y) = Pn[\m{x), 



dD 



for every x E D. Since Pd is positive, u G If{D). The case p = oo is 
the easiest. For / G L°°{dD) and = -Pd[/] we have 

< / Pnix,y)\m\da{y) < \\f\\^ [ Pn{x,y)da{y) = 

and thus u G }f^{D). 

In the next part of If theory, we will need some stronger assertion about 
the functions {PD{-,y)}y^dD- 

Lemma 4.4 Let \ be a characterizing function for D and choose e\ > as 
before. There exists a positive constant C\, such that for every y G dD 

||Pi.(-,l/)||Ji<C,. 

Proof. Fix ,xo G D and let Ao(a;) = —Gd{xo,x). Then, as in the proof of 
Lemma 4.3 we conclude, that Aq is a characterizing function for D. Moreover, 
since Pj:){-,y) are positive and harmonic on D for every y G dD, there exists 
£i > and Mj.(j > (which does not depend on y), such that 

sup / PD{x,y)da^{x) < M^^PD{xo,y). 

0<£<£1 JdD% 
^0 



By Lemma 3.7, for some C > and every x & D, y E dD, 

C C 



Therefore 
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\PD{-,y)\\il = sup / PD{x,y)dae{x) 



< sup / PD{x,y)dae{x) + sup / PD{x,y)dae{x) 

0<£<£i JdDl^ £!<£<£ Aq JdDl^ 

CM,, 2Ca{dD) 



Now for any characterizing function A, e\ as before, we may choose, as in 
the proof of Lemma 4.2, £2 > 0, £2 < niin {sao) ^a}, such that 

sup / PD{x,y)da,{x) < M, ||PD(-,y)||S , 

0<£<£2 ^9£)J 

for some Mi — Mi(A, Aq) > 0. Because the functions PD{-,y) are uniformly 
bounded by some M2 — M2(A) > on the sets dD^ for e2 < s < e^, we have 

\\PD{;y)\\^ < Ml ||P,,(-,y)||^+M22(7(9L>) < MiCx,+M22a{dD) = < 00, 



what gives the conclusion of the lemma. 

□ 

Recall, that for fixed characterizing function A, £a > as usually, the 
map 

7r£ := Triaije, < £ < £a, 

is invertible. For u harmonic on D denote u^iy) — u{7r~^{y)), y e dD. If 
/ e C{dD) and u = Pd[/], then ^ / in C{dD). Because C{dD) is dense 
in LPiydD) for 1 <p < 00, we have the following result on Z^-convergence. 

Lemma 4.5 Suppose l<p<oo. If f & IJ'{dD) and u — Pd[/]; then 

||m£-/|Ip^O as £^0. 

Proof. Choose 1 < p < 00, / e U>{dD) and let u = Pd[/]- Fix £ > 0. Let 
C\>1 satisfy the assertion of Lemma 4.4, and choose g e C{dD), such that 
11/ ~ qW-p < ^/C'a- Let V = Pnig], and choose £1 > 0, such that — gfH^ < e 
for every < £' < £1. Then we have 
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\\ue' - /lip < \\ue' - -y^'llp + \\ve' - g\\p + \\f - g\\p < \\u^' - V^'W^ + 2e. 
However 



dD 



Pn{n;,\y),z)(f(z)-g(z))da(z) 



dD 



da{y) 



<l I PD{7^;,\y),z)\f{z)-g{z)\^da{z)d<j{y), 

JdD JdD 

= 11 PD{T^;,\y),z)da{y)\f{z)-g{z)\^da{z), 

JdD JdD 

by Jensen inequality and Fubini's theorem. Now we may choose £2 > 0, 
£2 < £1, such that for every < e' < £2, and every z e dD we have 

/ PD(7r;,\y),z)da(y)<2 [ PD{'K:,\y), z)ct>,>{y)da{y) 

JdD JdD 

= 2 / PD{.x,z)da,\x) <2\\Pd{-,z)\\\, <2C^. 

JdD%' 



Therefore 



PD{7r;My),z)da{y)\f{z) - g{z)\'^da{z: 



dD JdD 



< {2C^)-^ \\f - gl < 2s, 

and hence \\u^' — fW^ < Ae, for every < e' < £2- Since e is arbitrary, we 
have 



K - fl ^ 0, 



as desired. 



□ 



As we have seen before, if 1 < p < 00 and / e U'{dD), then Pd[/] £ }f{D). 
To the end of this section we show, that for p > 1 each harmonic function 
from the space ff{D) can be characterized in terms of the Poisson kernel for 
D. 
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Theorem 4.1 Suppose 1 < p < oo and let u e If{D). Then there exists 
f e LPiydD), such thatu — Poif]- Moreover, if X is a characterizing function 
for D, then for some positive constant C — C{X,p) we have 

\\fl<Mt.<c\\fX- 

Proof. Let {Dj} be a finite cover of D with the following properties: 

1. D = [jD,. 

2. For every j, Dj is a domain with the boundary of class C^. 

3. For every j, dDj fl dD is a A?" — 1 dimensional manifold with boundary. 

4. There exists Eq > and a vector Uj = Uy^ for some yj e dDj n dD, so 
that Dj — euj C D for every < e < eo- 

Let Pj{x,y) be the Poisson kernel for Dj. Because for every < e < Eq, 
the functions ui{x) = u{x — euj) are harmonic on Dj and continuous on Dj, 
we have 

ul{x)= Pj{x,y)ul{y)daj{y), x e Dj. 

JdDj 

Moreover, in view of Lemma 4.2, 

sup / \ul{y)f da j{y) < oo. 

0<£<£o JdDj 

By Banach-Alaoglu theorem, there exists a subsequence ui^, that con- 
verges weak* to some fj G L^^dDj). Hence, if q is conjugate to p, then 
obviously Pj{x, ■) e L'^{dDj), and we have 

u{x)^ Pj{x,y)fj{y)daj{y), x e Dj. 

JdDj 

Now observe, that if \j,\k are the characterizing functions for the do- 
mains Dj, Dk respectively, and dDj fldD^ contains some open subset of dD, 
then Xj, Afe are comparable on the set 

{y-tuy-.ye dDj n dDk ndD,0 <t <to}, 

for to sufficiently small. Hence, by (a small modification of) Lemma 4.5, 
fj — fk a.e. (with respect to a) in dDj n dDk fi dD. Thus / = fj on 
dDj n dD is well defined; obviously, / e U>{dD). 
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It remains to be shown, that u = -Pd[/]. So fix Xq G D, and let 
X{x) = Gd{xo,x). As in the proof of Lemma 4.3 we conclude, that 

Pdi{xo,x) = \'VxGdi{xo,x)\ = \'V:cGd{xo,x)\, x e dD\, 

and 

u{xo) = I PDi{xo,x)u{x)dae{x) = / \VxGD{xo,x)\u{x)dae{x) 
= / \VX{x)\u{x)dae(x). 

JdDl 

Moreover, 

/ \VX{x)\u{x)da,{x)^ f \VX{n:\y))\u{n:\y))My)da{y). 

JdDl JdD 

Hence we have 



u 



(xo) = / \WX{7::\y)M7:;\y))Uy)dc7{y) 

JdD 

{\VX{n;\y))\My) - \VyGn{xo,y)) u{7r;\y))da{y) 

dD 

+ / Pd{xo, y)u{'K;\y))da{y) = h + h- 

JdD 

Now since |VA(7r^^(y))| | Vj^Gcla^o, I/)!, — 1 uniformly on dD as £ — > 0, 
and u e }f{D) C h}{D), we have Ii A 0, and it suffices to show that 
I2 — > Pd[/](xo). For fixed j we have 



PD{xo,y)u{n^\y))da{y) - / PD{xo,y)f{y)da{y) 

JdDndDj 

C f 

- w-1 / H'^I^hj)) - fiy)\My), 

0{Xo) JdDndDi 



dDndD. 



by Lemma 3.7. Thus if Xj is a characterizing function for Dj, then A and Xj 
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are comparable on the set vr^ ^{dD fl dDj) C Dj (independently on e), and 
by the use of Lemma 4.5 we obtain 



Idi 



\u{n;\y))-f{y)\da{y)'-=^0. 



Because dD = [jdDj fl dD (and the sum is finite), we have I2 P£)[f]{xo). 
Therefore u = -Pd[/]. 

Now let A' be a characterizing function for D (which is not necessarily 
A). Suppose first, that p < 00. Then 



\u{x)\^da,{x) = / \u{7r;\y))\yMdcr{y) 

dD^, JdD 



P 

P ' 



by Lemma 4.5. Therefore > ||/|L- On the other hand, 



\u{x)\^das{x) = 

dDl, JdDl, 



PD{x,y)f{y)da{y) 

dD 



< / / PD{x,y)da,{x)\f{y)\^da{y)<C. 



dae{x) 



p 



dD JOD^, 



p 



by Lemma 4.4. Thus < (Cy)^^^ WfWp (obviously, the estimation occurs 

even if / G L\dD)). 

If p = 00, then IImII/joo = sup \u\ = sup |-Pd[/]| < ll/lloo- previous com- 
putations, ||m||^<j > ll/llg for 1 < g < 00. Since ||m||^<j as g — * 00, we 
then get ||u||,joo = That finishes the proof of the theorem. 

□ 



5 The Fatou Theorem 



In this section, by the use of [3j and p], we will prove the known property of 
the Poisson integrals on D, a so called "nontangential" convergence. 

For each y G dD and a > we define the "cone" of aperture a and vertex 
y as 

^a{y) = {x E D : \x — y\ < {1 + a)S{x)} . 

Obviously Ta{y) C ^is^y) for a < P, and IJa>o-'^a(^) ~ ^^^^ ^ 

function u on D has a nontangential limit L at y E dD if, for every a > 0, 
u{x) L as X ^ y within Ta{y). 
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Theorem 5.1 Suppose u = Poif], where f G L^{dD). Then u has a non- 
tangential limit at almost every point of dD and 

lim u{x) — f{y) for a.e. y e dD. 

A key tool in the proof of Theorem 5.1 is the use of the Hardy-Littlewood 
maximal functions. For any / G L^{dD) we define 

M[/](y)^sup ^ / 

r->0 a[K{y,r)) J K{y,r) 

the maximal function of /. 
Lemma 5.1 (Wiener) 

For positive integer k, let F G M.'^ be a compact set that is covered by the 
open balls {Ba}^^j^, Ba — B{ca, To)- There is a disjoint, finite subcover B^^, 
Bo.2,---, such that 

Fc|J^(ca„3r«J. 

i 

Proof. Since F is compact, we may assume that {5^}^^^ is finite. Let B^^ 

be the ball in this collection, that has the largest radius. Let Ba2 be the ball 
that is disjoint from Ba^ and has the greatest radius, and so on. The process 
ends in finitely many steps. We claim that the B^i chosen above satisfy the 
conclusion of the lemma. 

It is enough to show that B^ C (J^ B{ca., Sr^.) for every a. Fix an a. If 
a = a-i for some i, then we are done. If a ^ {(^i}, let cti,, be the first index 
with Ba n Ba^ 7^ (there must be one, or else the process would not have 
stopped). Hence < ro,.^; otherwise, we selected -B^.^ incorrectly. But then 
clearly B{ca,ra) C 5(c„.jj, Sr^.J, as desired. 

□ 

Lemma 5.2 Suppose f G L^(dD). There exists a positive constant C — 
C{N,D), such that 

a{yGaD:M[/](y)>0<^^^^y^, > 0. 

Proof. Choose t > and let F be a compact subset of {y G dD : M[f]{y) > t}. 
Because a is regular, it suffices to estimate (j{F). Now for each y & F there 
exists ry > 0, such that 
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The balls {B{y,ry)}y^p cover F. Choose, by Lemma 5.1, finite family of 
disjoint balls {B{yi,ry^)} so that Sr^.)} cover F. Then 

where ci,C2 are the constants from Lemma 3.3. Denoting C — 3^~^C2/ci we 
conclude, that 



C li.; \\L^{dD) 



□ 

Lemma 5.3 Suppose u — -Pd[/], where f e V-{dD), and let a > 0. Then 
there exists Ca > 0, such that for every y e dD 

sup \u{x)\<C^M[f]{y). 
Proof. Choose y e dD and let x e T^iy); denote r] = \x — y\. We have 

\u{x)\< [ PDix,z)\f{z)\da{z)= [ Pn{x,z)\f{z)\da{z) 

JdD J\z-y\<2ri 
oo „ 

+ J2 / Pn{x,z)\f{z)\da{z). 

k=2 •^2'=-l??<|z-2/|<2'=77 

By Lemma 3.7, 



\x — z 



N-1 



for some constant C > 0. Because < la:; — 2;|, we then get that Poix, z) < 
C{S{x)y~^ . The cone condition, |x — y| < (1 + a)5{x), shows, that 5{x) > 
r]/{l + a). Thus 

/ Pn{x,z)\f{z)\da{z) < C(l + a)^- V"^ / \f{z)\da{z) 

J\z-y\<2r] JK{y,2ri) 
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where C is the constant from the upper estimation of Lemma 3.3. 
Similarly, if 

2''~'^r] <\z-y\< 2*^77, 

where k >2, then 

\x - z\ > \z - y\ - \y - x\ > 2^~^r] - rj > 2^~'^r], 



and 



Pd{x,z) < -. ^ < C2^^2-'=^^-^. 

\x — zr~'' 



By Lemma 3.3, 



therefore 



Pn{x,z)\f{z)\da{z) < C22^2-'=V-^ / \f{z)\da{z) 

JK{y,2''v) 



< 



2k 

Now, denoting Ca = max {CC'2^{1 + a)^-\ CC'2^^}, we conclude, that 



°° 1 /■ 



□ 



Proof of Theorem 5.1. For / e L^{dD) and a > 0, define the function 
Ta[f] on dD by 

r„[/](|/)= limsup |P^[/](a;)-/(|/)|. 
We first show, that Ta[f] = almost everywhere on dD. 
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Note that 

TaifKy) < sup \PD[fKx)\ + \f(y)\ < C«M[/](y) + |/(y)| 

by Lemma 5.3, and that r«[/i+/2] < T^[fi]+Ta[f2\- Note also that T^[f] = 
for every / G C{dD). 

Now fix / G L^{dD) and a > 0. Also fixing t G (0, oo), we wish to show 
that a{{T4f] > 2t}) = 0. 

Given e > 0, we may choose g G C{dD) such that ||/ — 5'||x,i(aD) < ^■ 
Then we have 

TM] < Taif -9]+ T^ig] = TM -9]< C.M[f -g] + \f-g\. 



Therefore 

{T„[/] > 2t} C {CaM[f -g]>t}U{\f-g\>t}. 
By Lemma 5.2 we conclude, that 



a{{TM] > 2t}) < ^^-ll^-^II^Haz^) + Wf ' aWL^ion) < ^CC^ + \ 



Since e is arbitrary, we have shown that the set {Tq,[/] > 2t} is contained 
in sets of arbitrarily small measure, and thus a{{Ta[f] > 2t}) = 0. Because 
this is true for every t G (0,oo), we have proved, that Ta[f] = almost 
everywhere on dD. 

Now for A; G N let = {Tk[f] = 0}. We have shown that is set of 
full measure on dD for each A;, and thus f]^, E^ is a set of full measure. At 
each y G flfe-^*;) P[f] has nontangential limit f{y), which is what we set out 
to prove. 

□ 



6 The Local Fatou Theorem 

Theorem 5.1 has a local version. We require a definition. A function u on D 
is said to be nontangentially hounded at y G dD if u is bounded in Voi{y) 
for some o; > 0. 
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Theorem 6.1 Suppose u is harmonic on D and E C dD is the set of points 
at which u is nontangentially hounded. Then u has a nontangential limit at 
almost every point of E. 

This theorem was originally obtained by Privalov, Plessner, Marcinkiewicz 
and Zygmund, and Spencer in the classical case = 2 by the use of complex- 
variable techniques. Methods which are effective for the upper half-space in 
K^, N > 2^ have been served by Calderon and Stein. The proof for this case 
may be found in [l]. 

Using similar methods as in p], we will serve a detailed proof of Theorem 
6.1 for the present case, when Z) is a bounded domain in M^,A^ > 2, with 
the boundary of class C^. In order to do this, we shall use a few important 
technical lemmas. We begin with some stronger assertion about the behavior 
of the Poisson kernel inside the cone. 

Lemma 6.1 Let a > 0. There exists positive constant A^, such that for 
every y G dD and x G Ta{y) we have 

PD{x,y)> 



6ix: 



N-l ■ 



Proof. Notice that, if K is compact set in D, then the estimate we seek is 
trivial for x E K and y G dD, since Pr){x,y) is positive and continuous on 
D X dD, and 5{x) is bounded away from zero on K. 

Let r be the constant from Lemma 3.2, and let tq = r/4. Hence, for 
y G dD we have 

B{y + 4roZ/y, 4ro) r\D = {y}, 
B{y - AroVyAro) = {y] ■ 

Suppose X G Biy — rQUy^ro). This means that 

\x - y + rQVy \ < ro 

\x - y\'^ - 2ro{x - y, -Uy) + < 
\x - < 2ro(x - y, -Vy). 

Moreover 

dist(a;, dB{y + Ar^Vy, Atq)) = \x - y ~ 4roMy| - 4ro, 
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dist(x, dB{y - AroVy, 4ro)) = 4ro - |x - y + ArQVy\, 

and thus 

\x-y - ArQVy\^ - 16r^ _ \x - + 8ro(x - y, 



|x - y - 4ro^'y| - 4ro = 



|a; - 2/ - 4rot'y| + 4ro |a; - y - 4rot'2/| + 4ro 



10r„(.)- - ij. -Vy) 5 
< = -(a;-y,-.,), 



16rg - |x-y + 4roi/j/|^ -|x - + 8ro(x - y, -i/^) 
4ro + |x-y + 4roi/2/l 4ro + |x - y + 4roi/j/| 

6ro(a; - y, -z/j/) 3 
> = -(x-y,-.,). 

Therefore 

|x - y - ArQVy\ - 4ro < 2(4ro - |a; - y + 4ro^'y|). 

Obviously 

< dist(x, 5S(y + 4rofj/, ro)) ^\x-y- 4roi/y| - 4ro, 
since B{y + Aroi^y, 4ro) C i?"^, and hence 

5{x) < 2(4ro -\x-y + AroUy\). 



Now choose y G and let ,x G -B(y — roz/j,,ro). Denote Cy = y — 'irQVy 
and i?^; = S(cy,4ro). Let G^j, G^j^ be the Green's functions for D and By^ 
respectively. Observe, that Gsyix,-) is on dBy, whereas Gd{x,-) > on 
dBy. Since Gd{x, •) — Gsyix, •) is harmonic on By, it follows that 

GBy{x,t) <GD{x,t), teB^. 

GBy{x,y) = GD{x,y) = 0. 

Therefore 
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The Poisson kernel for By has a form 



Hence we have 



„ , , 1 16rn — |x — c„P 

UJN-Aro \x - y\^ 

1 



a;7v-i4ro 



(4r-o - 


,r — 




l)Ci/-o + 






\x - 







^ 1 (4ro - |x - Cyl) _ 1 {4ro - \x - y + ArpVyl) ^ 1 



Thus we have shown, that 

Pn{x,y)>Cy^^. 

\x-yr 

for every y G dD and a; G — rUy, Tq). 

Now for /i > let V^iy) = r„(|/) n {x : S{x) < h}. We will show, that 
there exists ha > 0, such that for every y G dD, r^"(|/) C B{y — roUy.ro). 

For y G 9£) denote By = B{y + 4rot'y,4ro), and recall that ByC^D = {y}. 
Let ra(y) be the cone in By. That is, 

r«(y) = |x G 5^ : |x - y| < (1 + a) dist(x, aSj,)} ; 

fl{y) = fa{y) n ja; : dist(a;, dBy) < . 



let 



Since S{x) < dist{x, dBy), we have Taiy) C Ta{y)- Moreover, observe that 
r^(y) ^{xeD:\x-y\<{l + a)5{x) A < h} 

^ {x e D : \x - y\ < {1 + a)6{x) A 5(a;) < h A\x -y\ < {1 + a)h} 
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C r^{y) n{xeD:\x-y\<{l + a)h} 

C r«(y) n |x : dist(x, dBy) < (1 + a)hj = r^'(y), 

where h' — {1 + a)h. Thus it suffices to show, that there exists h'^ > 0, such 
that ra"(y) C B{y - roUy, ro) for every y e dD. 

Suppose h'^ < 8ro/5(l + a^, and fix y e dD, x e Ta^iy). We have 

\x — y\ < {1 + a) dist(a;, dBy) = {1 + a){\x — y — 4rot'y| — 4ro) 

^ \x - y - ArpUyl'^ - 16rl ^ ^ ^ x k - - 8^0(3:^ - ^y) 

|a;-y-4ro^'y| +4ro \x - y - AroVyl + Aro 

< x k-|/p-8ro(x-|/,t/^) 

Hence 

Ix-yp 5|a;-yp \x - y\ |x - 



(a; - y, i^y) < 



8ro 1 + q; Sro 1 + a 2ro 



8ro 1 + aJ 2ro 2ro 
since |a; — j/| < (1 + Q;)/i^. Thus we conclude 

{x - y, Vy) < — — 

zro 

\x -y + rQVy\ < To, 

what means, that x G B{y — roUy, tq), so Ta"{y) C -B(y — roi/y, ro). Denoting 
= ^a/(l + ")> we have T^°'{y) C 5(y - roVy^ro). 
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Therefore, if a; G T'^"{y), then 



Now, since Ka = {x E D : S{x) > ha} is compact, we can find a positive 
constant < C/{1 + a)^ , such that for every y G dD and x G 

PD{x,y)> ^'^ 



b{xY-^' 

Thus the inequality is proved. ^ 

Lemma 6.2 Suppose E C dD is Borel measurable, a > 0, and 

n=[j Taiy). 

y€E 

Then there exists a positive harmonic function v on D such that v > 1 on 
(dQ) n D, and such that v has nontangential limit almost everywhere on 
E. 

Proof. Define a positive harmonic function w on D by 

w{x)^ PD{x,y)xEc{y)da{y), 

JdD 

where xe'^ denotes the characteristic function of E'^, the complement of E 
in dD. By Theorem 2, w has nontangential limit almost everywhere on 
E. We wish to show that w is bounded away from on {dfl) n D. Choose 
X G (dfl) n D; this means, that 

\x - y\ > {1 + a)S{x) yy e E. 

Because dD is compact, there exists x' G dD, such that |x — x'| = S{x). 
Hence for every y E E we have 

\x — y\ ^ {'^ + — x'\ 
\y — x'\ > \y — x\ — \x — x'\ > a\x — x'\ 
\y — x'\ > a6{x), 
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so K{x',aS{x)) C E". Therefore 
/ PD{x,y)xEc{y)da{y) = / PD{x,y)da{y) > / PD{x,y)da{y). 

JdD Je'^ JK{x',aS{x)) 

On the other hand, if y G K[x' , a5{x)), then 

\x — y\ < 5{x) + \x' — y\ < {1 + q.)5{x), 

so X e ^a{y)- By Lemmas 3.3 and 6.1, there exist positive constants c, Aq,, 
such that 

a{K{x',a5{x))} > c{a5{x))^-^ 

and 

Pd(x, y) > ^^^^N-i ^ ^(^'' «^(^))- 

Hence 



/ Pd{x, y)da{y) > jr^^.a {K{x', a6{x))} > c/l^a^-^ 

JK(x',aS{x)) ^[^) 



Denoting Ca = cAaa^ ^ (a constant greater than that depends only on a 
and A^), we see that if v = w/ca, then v satisfies the conclusion of the lemma. 

□ 

Lemma 6.3 Choose a., r > 0. Suppose Ui, 1/2^8 and — ^2] < Then 
for each t G (0, r] we have the following inequality 

t < {l + a){r- \tiyi-ru2\). 

Proof. Let t e (0,r]; because = |t'2| = 1, we have the following sequence 
of equivalent inequalities 

t < {l + a){r- \tui -ru2\) 

t 



1 + a 

t 



1 + a 

r X ^ 



t^ - 2rt{ui, U2)+r' < [r 



1 + a 
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-rt{2 - \vi - i/aT) < 



t V 2rt 



1 + a J 1 + a 



Ui-U2f <2-- ( 1 



2 t f 1 



1 + a r \ {1 + af 
Because t e (0,r], we have 



1 + aJ ~ 1 + a r \ (1 + a)^ 
and this gives the conclusion of the lemma. 



□ 



Now let r be the constant from Lemma 3.2 and let ro = r/4. We may 
assume, that tq < 1. For y e dD denote 

By^ B{y -roVy.ro), By ^ B{y + roUy,ro) 

and 

Kiy) = {x e By : \x -y\ < {1 + a) dist(a;, dBy)} . 

Obviously 

dist(a;, dBy) = tq - |y - roPy - x\, 
and because By C D, we have 

Lemma 6.4 Let a > 0. There exists a positive constant d = d{a) sucli tliat 
for every x,y E dD and \x — y\ < d we have 

L e (0,ro] 

y-tu^e r'^iy). 

2. yt,s e (0,ro], t < s 

s-t 



5(y - sv^) - 5{y - tv^) > 



1 + a 



Proof. 

Recall that 
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We may assume, that Cq > 1. So let x,y & dD and suppose 



\x-y\< 



a 



Co(l + a)' 



then 

I I 



1 + a 

and because u^, G S, by Lemma 6.3 we have 

\y-tux-y\ = t < {l + a){ro-\tu^-roUy\) = {l + a){ro-\y-rQUy-{y-tu^)\) 
^ {1 + a) dist{y -tu^,d By) Vie(0,ro]. 

This gives 1. 

Now let TT be the orthogonal projection; then for every x,y & we have 

\n{x) -n{y)\ < 4:\x - y\, 

by Lemma 3.4. So let x,y & dD and assume 

a 



\x-y\ < 



8cl{l + a)' 



Then we have 



/ \ 1 Wx - I'y? ^ , cl\x-y\^ 

(l/^, Vy)^l > 1 > 0, 



and choosing t e (0, Tq) we conclude 

\y - tU^ - {y- t{iy^, l^y)l^y) \ = t|(l^a;, l^y)l^y - I'xl = t {l - {l^x: l^yf) 
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In particular, since t^v^^v^ G (0,ro), we have 



q; 

- ti^x) - 7r(|/ - ti^v^,Vy)vy) \ = \'K{y - tv^) -y\< ^^^^ ^ . 



Therefore 

\^^{y-tv.) - < cokd/ - tp^) -y\< 2(^i°la) ' 



Let s e {t, To] ; because 

y-su^^ 7r(y - tu^) - S{y - tu^)u^(^y_tu^) - {s - t)u^: 

and 

a 

where i^Tr{y-tvx)-, ^ by Lemma 6.3 we have 

y-su^e B{n{y - tv^) -[5{y- tu^) + ro]i^,r(2/-ti..), ^^o)- 

Because 

B{TT{yt) - {5t + ro)z/^(2;,), ro) C B{n{yt) - {6t + ro)z/^(y,), 6t + ro) 

C B{'K{yt) - 2roU^(y,), 2ro) C D, St '.^ S{y - tu^), yt :^ y - tu^, 
we have 

S{y- su^) -S{y-tu^) >ro-\y-su^-[Ti{y- tv^) -{5{y- tu^) + ro)t^,r(j/-ti/. 
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= ro - \roi^^(y-tu^) - {s- t)u^ 
one more time by Lemma 6.3 we conclude 

ro - \ro^7r{y-t,y^) " " t)u^ 

what gives 2. 

For a > let da be the constant from Lemma 6.4; assume additionally, 
that da < p, where p is the constant from Lemma 3.L Because dD is 
compact, there exists a finite family of balls {B{yi, da) : i = I, m}, where 
Ui G dD for each i = 1, ...,m, such that 

m 

dD G[jB{yi,da)] 

i=l 

hence 

m 

dD = [jK{yi,da). 

i=l 

For i e {1, ...,m} denote Ui :— Vy. and for Tq as before, let 
Dt =[y-tv,:yeK{y,,da),te (o, ^) } . 

Lemma 6.5 For every a > and i e {1, ...,m} we have 

1. D^ is an open subset of D and {dD^ Pi {dD) = K(yi,da). 

2. Let E be the closed subset of dD and suppose E <Z K {yi, da)- Let 

n=[j Va{y)-^ 

y&E 

then there exists Eq > 0, such that 

nn{xeD: 5(x) < £o} C D^. 



s-t 
1 + a 
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Proof. Choose a > and i G {1, ...,m}. Without loss of generality we may 
assume, that i/i — and Vi — — (0, 0, 1). Obviously 



in particular y — tcN G By. Hence C D. Moreover, D'^\K{0,da) C D, 
and hence (dDf) n (dD) = K{0, da). 

Now let X e D"". Then x^y- te^, where y e K {0, d^) and t e (O, f ). 
By Lemma 3.1, since d^ < p, y = {y,g{y)), where y G M^~^ is the projection 
of y into M^~^ x {0} (since uq = cn), and (? is a real-valued, function 
defined on i?Ar_i(0,p). Strictly, i^T (0, lia) is a part of the graph of function 
g. Moreover, since — ejv, we may assume that 

5jv(o, p)nD = 5jv(o, p) n {(x, x^) : X e 5^^.1(0, p)axn< g{x)} . 

Therefore x = {y,g{y) — t), and x = y. Then there exists ei > 0, such 
that if \x — x'\ < El, then y' = {x',g(x')) e K{0,da)- Moreover, x' = 
y' — {g{x')—x'j^)eN, and there exists £2 > 0, such that t' = g{x')—x'^ e (O, y) 
whenever \x — x'\ < £2- Thus if £3 = min{£i,£2}, and \x — x'\ < £3, then 
x' = y' - t'cN, where y' e K (0, d^) and t' e (O, f ) , so £3) C Df. This 
gives 1. 

Now suppose E a K {0, da), E = E and let 



By Lemma 3.1, there exists M > 0, such that \g{x) — g{y)\ < M\x — y\ for 
every x,y & Sjv-i(0, p). Let x e Q and suppose 




By Lemma 6.4, 



yyeK{0,da)yte{0,ro] y-te^er'^iy), 



n^UVaiy). 



yeE 




Then for some y E E we have 



x-y\< {1 + a)d{x) < dist [E, dB (0, da)] ■ 
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Thus 

\x\ <\x — y\ + \y\ < dist [E, dB (0, da)] + \y\ < da < p, 

in particular \x\ < p. Hence x — {x, g{x)) — {g{x) — XN)eN, and it suffices to 
show that {x, g{x)) e K (0, da) and g{x) — xn £ (O, y). We have 

\{x,g{x))\ < \{x,g{x)) - {y,g{y))\ + \y\ = V\'^-y? + \9{x)) - g{y)\^ + \y\ 



< \J\ + M2|x - y| + \y\ < y/l + M^\x -y\ + \y\ 

< Vl + M2(l + a)5{x) + \y\ < dist [E, dB (0, da)] + \y\ < da- 
Moreover, g(x) — Xn > since x G -0(0, p) fl D, and 



g{x)-XN < \g{x)-g{y)\ + \yN-XN\ < M\x-y\ + \x-y\ < {M+l)\x-y\ < y. 



Therefore x e Df, what gives 2. 

□ 

The next lemma is the crux of the proof of Theorem 6.1. 
Lemma 6.6 Let E C dD be Borel measurable, let a > 0, and let 

n=[j Ta{y). 

yeE 

Suppose u is harmonic on D and bounded on fi. Then for almost every 
y & E, limu{x) exists as x ^ y within Ta{y)- 

Proof. Because 

m 

dD=[jK{yi,da), 

i=l 

it suffices to show, that the conclusion of the lemma holds for the set 



Ei^K {yi, da) n E, 
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where i e {1, ...,m} is fixed. We may also assume that u is real valued and 
\u\ < 1 on Q. Suppose first, that is closed, and let 



For A; e N, let 



k 



Because Jlj is an open set in M.^ , and K{yi, da) is an open subset of dD, 
is an open subset of dD too. Obviously E^ C K{yi,da)- By Lemma 6.4, for 
each y & Ei y — e Tad/); hence Ei C ^J^^ for every k. Let 

Because y — e if y G E^, \f^\ < 1 on dD for every k. By Banach- 
Alaoglu theorem, there exists a subsequence, which we still denote by (/f ), 
that converges weak* to some fi G L°°{dD). Because E^ is open, each /f is 
continuous on E^, and thus, by the properties of the Poisson kernel listed in 
section 3, Poifi] extends continuously to D U Ef. 

By Lemma 6.5, D^ is an open subset of D, additionally {dDf) n {dD) — 
K{yi, da) . Now iix eDfnD, then 

x-ju, = y-(t + j)u,, 

where y G K{yida) and t G (O, y] ; t + y < ro for /c > 2, thus by Lemma 6.4, 
X — £ D. Therefore the function u'l given by 



(x) ^ PniftKx) - u (x - ^-^u,) , k>2, 



is harmonic on and continuous on D" n D. Moreover, extends con- 
tinuously to {D" n D) U Ef , with -uf = on Ef . We have assumed, that Ei 
is closed, and thus ^2, fl {dD) = Ef, by Lemma 6.5, there exists Eq > such 
that 

^i\eo := n {x G L> : 5{x) < Eq} C D^. 

Therefore we conclude, that in particular is harmonic on flileg and con- 
tinuous on flilsQ with = on Ei. 
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Let X G f^jleg; then x 



exists a e Ej 



such that x EFaia 



y — tUi, where y G K^y^, da), t G (O, y) and there 
For A; > 2 we have 



X 



V 



y - tui 



To 



< {l + a)d{y-tui) + 



ro 
k 



<{l + a)5{y-{t+'^)u,), 



where the last inequahty is the result of Lemma 6.4. This means, that 



X - G 



fli for k > 2, 



and because \u\ < 1 on ^2, we have 



\u'^\ < 2 on 



I |£0 • 



Now let V be the function of Lemma 6.2 with respect to Jlj. Because 

V > 1 on (dfti) n {d{fli\sQ)) n D, and there exists constant c > 0, such that 

V > c on {x & D : S{x) — Eq}, thus the function 



v{x) — 



v{x) 



min {c, 1} 



has the same properties as but with respect to OjleQ. Then 

liminf (25 - u\){x) > 0. 

By the minimum principle, 2v — u'^ > in ^i\eo- Letting /c — > oo, we then 
see that 2v — (Pof/i] —u) > in fijig,,. Because this argument applies as well 
to 2v + u^, we conclude that iPol/i] — ''^l < 2t' in ^ile^. 

By Theorem 5.1, Pol/i] has nontangential limits almost everywhere on 
dD, while Lemma 6.2 asserts v has nontangential limits almost everywhere 
on Ei. From this and the last inequality, the desired limits for u follow. 

Now if Ei is any Borel measurable and bounded set, then for each k eN 
there exists a closed set Ei, such that a{Ei\Fi:) < j,. Let A/, be the set 
of points y G Fk, such that lim.u{x) doesn't exists as x y within Ta{y); 
then 



fe=i 



and because a{Ei\[j'^^^Fk) = 0, the conclusion of the lemma holds with 
respect to E^. 



□ 
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Let E C dD be Borel measurable; a point y E E is said to be a point of 
density of E provided 

(T{K{y,r)nE) 

'™ 7777 77 — = 1- 

r^o a{K[y,r)) 

By the Lebesque Differentiation Theorem, almost every point of is a point 
of density of E. 

Lemma 6.7 Suppose E C dD is Borel measurable, a > 0, and 

yeE 

Suppose u is continuous on D and bounded on Q. If y is a point of density 
of E, then u is bounded in r^(y) for every /3 > 0. 

Proof. Let y he a point of density of E, and let /3 > 0. For h > denote 
rj(y) ^{xeD:\x-y\<{l + P)S{x) A S{x) < h} . 

It suffices to show that r^(|/) C fl for some h > 0. 

Let ci, C2 be the constants from Lemma 3.3; there exists ri > such that 
for each r < ri we have 

a(K(y,r)nE) ^ ^ _ ci f a 
a{K{y,r)) C2\2 + a + f3 

So let hi = 2+a+f} fix a; e T^^(y). There exists x' e dD, such that 

\x — x'\ — 5{x). 

Suppose y' G K{x',a6{x)); we have 

\y' — x'\ < a\x — x'\ 

\y' — x\ < \y' — x'\ + \x' — x\ < {1 + a)\x — x'\, 

what means, that x e Faiy'). Hence it suffices to show, that K{x', a5{x))r\E 
is non-empty. 

Because x e T^^(y), we have 
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\y — x'\ — \x' — x\ < \y — x\ < {1 + (3)\x — x'\, 

and thus x' e K{y, (2 + l3)5{x)), what implies, that 

K{x', a6{x)) C K{y, {2 + a + (3)5{x)). 
Moreover, because 5{x) < hi, we conclude 

a{K{y,{2 + a + 0)6{x))nE} ^^_ci f a " 



a {K{y, (2 + a + /3)S{x))} C2 \2 + a + p 



^ ^ a{K{x',aS{x))} ^ a {K{y, {2 + a + f3)S{x))\K{x' , aS{x))} 

- ~a{K{y, {2 + a + mx))} ~ a {K{y, {2 + a + m^))} ' 

and hence 

a {K{y, (2 + a + P)S{x)) f] E} > a {K{y, {2 + a + p)6{x))\K{x' , a6{x))} . 

Therefore K{x', aS{x)) fl £^ is non-empty, and thus r^^(y) C fl, as desired. 

□ 

Lemma 6.8 Let u he continuous in D and suppose E C dD is the set of 
points at which u is nontangentially hounded. Then E is Borel measurahle, 
and for any £ > 0, there exists a closed set Eq C E, such that a{E\Eo) < e 
and u is bounded in 

yeEo 

for every a > 0. 
Proof. 

For k = 1,2, set Ek — {y & dD : \u\ < k on Tiiy)}. Then each E^ is 

k 

closed, and 

oo 

E^\jEk 

k=l 

what means, that the set E is Borel measurable. Fix k eN; applying Lemma 
6.7 to Ek, and recalling that the points of density of Ek form a set of full 
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measure in E^, we see that there is a set C Ek, a{Ek\Fk) = 0, such that 
u is bounded in r^d/) for every y & and every a > 0. Let 

oo 

F^[jFk; 

k=l 

obviously a{E\F) = 0. For fixed positive integer k, we can write F as 
F — \Jj Fj^, where F^ — {y & F : \u\ < j on rfe(y)}. Now fix £ > 0. Because 
Fj" C FjYi for each j G N, there exists jk, such that a{E\F^J = a{F\F^J < 
e/2''. Hence for each k, u is bounded on the set 

Let 

oo 
k=l 

Then 



a{E\E,)=a{Enif]F}\ = cr [[j{E\F^) ] <Y.a{E\F^ 



\k=l / I \k=\ / k=l 



k=l 

and it is easily seen, that u is bounded in 

= U 

yeEo 

for every a > 0. 

□ 

Now we are ready to prove Theorem 6.1. 

Proof of Theorem 6.1. By Lemma 6.8, E is Borel measurable, and for 
each A; e N we can choose Ek C E, such that a{E\Ek) < | and u is bounded 
on the set 

^k^\J r,(y) 
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for every j G N. Fix j, k; by Lemma 6.6, for almost every y E \imu{x) 
exists as X — > ?/ within Tj{y). Letting — * oo, we then get the same result 
for almost every y E E. Now u has nontangential limit L at y if and only 
if limM(a;) = L as x ^ y within Tj{y) for every j G N, and thus u has 
nontangential limit almost everywhere on E, as desired. 



7 The Area Theorem 

The question whether u has nontangential limits can also be answered in 
terms of the "area integral". As before we assume, that D is a bounded 
domain with the boundary of class C^. For any harmonic function u on D, 
a > and a point y G dD, we consider Sau{y) by 



A necessary and sufficient condition for the existence of nontangential limits, 
can be formulated as follows. 

Theorem 7.1 Let u he harmonic on D. 

1. Suppose E C dD is the set of points at which u is nontangentially 
hounded. Then for a.e. y E E, Sau{y) is finite for every a > 0. 

2. Conversely, suppose E is the set of points y G dD, such that Sau{y) is 
finite, where a can depend on y. Then u has a nontangential limit at 
almost every point of E. 

This theorem has been proved by Stein in [6], in the case, when D is a half- 
space in M^. By the use of very similar methods, we will prove the necessity 
part (1) of it in the present case. Because of some technical difficulties, we 
omit the sufficiency (2). The detailed proof of this part (by the use of other 
techniques) may be found in [7|, together with various generalizations. 

We begin with some technical lemmas. Let a and (3 be given positive 
quantities with a < f3. 



□ 
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Lemma 7.1 Let u he harmonic in the cone T p{y) and suppose that \u\ < 1 
there. Then 

5{x)\Vu{x)\<A Vxer„(?/), 

where A = A{a,(3) depends only on the indicated parameters but not on y or 
u. 

Proof. We shall need the following fact: if u is harmonic in B{0, r) and 
1^1 < 1 there, then |V-u(0)| < A/r, where A does not depend on u (see [1]). 

Let X be any point in Ta{y)- Notice that since a < P, there exists a fixed 
constant c > 0, which does not depend on x and y, so that 

B{x,c5{x)) C T(^{y); 

it suffices to take 

P — a 

We now apply the previous fact to u and the ball -B(x, c5{x))^ and obtain 

\Wuix)\ < ^ 



c5{x) 



Hence 

5{x)\S/u{x)\ < A/c Wx e T^{y). 



□ 

For positive constants a, h and y G dD recall the notation 
r^(y) = [x e D : \x -y\ < {1 + a)6{x), 6{x) < h} . 

Let E C dD be Borel measurable. For p > and a G dD let E{a,p) = 
E n B{a, p). For positive a, h denote 



fi(a,/i,p,a)= U r^(|/). 

y<^E(a,p) 
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Lemma 7.2 Suppose E is closed subset of dD and let a > 0. There exist 
positive constants h, p, such that for each a E dD we can choose a family of 
regions {^n}^=i with the following properties: 

1. fin a fl{a,h, p,a) \/n 

2. fin C fln+1 Vn 

3. fl{a,h, p,a) —[jfln 

4- The boundary Bn of fin is piecewise of class C^, at a positive distance 
from dD, and there exists a constant A> such that an{Bn) < A Vn. 

Proof. Recall, that for every x,y & dD 

Wx - l^y\ < Co\x - y\. 

Let E be closed subset of dD, a > 0. Choose a G dD; without loss of 
generality we may assume that — z/^ = = (0, ...,0, 1). Let d^ be the 
constant from Lemma 6.4, and let p, h be positive constants, such that 



(2 + a)h + p < min ^ da, — ^ 



Co V 1 + Q! 

Assume additionally, that h satisfies the condition of Corollary 3.1. 
Now observe, that 

fl{a,h,p,a)= U r^(2/) = ja; e D : 5(a;) < (l + a)5(a;), 6{x) < 

yeE{a,p) 

where 6{x) = d\st{x, E{a, p)). Let ipt be a C°° "approximation to the iden- 
tity". It may be constructed as follows. Take a function (p of class C°° on 
R^, such that ip>0, (p = on R^\S(0, 1) and 



ip{x)dx = 1. 
For i > let (pt{x) = t~^ip{x/t), and denote 

ft{x) = 5{x- y)(pt{y)dy. 

Then ft is of class C°° on M^, nonnegative and ft 6 uniformly on each 
compact subset of as t — > 0. Take a sequence Cn = 1/2" and choose 
tn — t{en), such that 

\ft„{x)-6{x)\<en \/xeD. 
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Let 

and denote 



Q„ = e : 5„{x) < (1 + a)5{x), 5{x) < h- £„| . 

Because Sn{x) > S{x) + Sn on D, we have Q„ C fl{a,h, p,a). Moreover, 
_ _ _ 3 ~ 

Sn{x) <S{x) + SSn < Sn-l{x) - En-l + ^^n-l < Sn{x), X E D, 

hence C Since 5„ A 5 on D, we have 

oo 
n=l 

and thus the properties 1-3 are proved. 

Now the boundary of fin consists of two pieces B^,B^, such that 

Bl= ^xeD -.{1 + a)6{x) - 6nix) = 0, 5{x) < /i - , 

Bl = eD: {1 + a)6{x) - 6n{x) > 0, 6{x) = /i - £„| . 

It is easily seen, similarly as in the case of S{x), that the function S{x) satisfies 
the Lipschitz condition 

\5ix)-5{y)\<\x-y\, 
since E{a,p) is compact. Therefore 



\5n{x) - 5n{y)\ = 



/ {S{x - z) - S{y - z))(ptAz)dz 



< / S{x - z) - 5{y - z) ipt„{z)dz< / \x - y\ipt^{z)dz ^ \x - y\, 



and thus 



d5n 



dxi 



< 1, i 



1,...,N. 
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Because h satisfies the condition of Corollary 3.1, for x e D,{a,h, p,a) we 
have 



d6 
dxi 



[X 



< 1, i^l,...,N. 



Moreover, by Lemma 3.5 we conclude 
d5 , 



dxN 



(cat, —l^Tr{x)) = {-^a, -^■n{x)) 



2 - It'a — T^-k(x)Y 



2 2 2 

> 1 - - 7r(x)|2 > 1 - %\a -x\ + 5{x)f > 1 - ^(S{x){x) + p + hf 



Therefore 



d 



> (l + a) (1 - 



Hence, if we denote Fn{x) = (1 + a)5{x) — 5n{x\ then for every x e 
Fn{x) — and 



< a + 2, Vx e 0(a, h, p,a),i — 1, A?". 



Denote x = {x,Xn), where x G M-^"^ and Xn & K- By implicit function 
theorem, for every x G 5^ there exist > 0, balls B^{x,r.j.) C M^, 
i?Ar_i(x, Tj;) C M-^~^ and a function g^: BN_i{x,rx) ^ M of class C\ such 
that: 

1. BN{x,r^) <Zfl{a,h,p,a) 

2- {(y, fi'x(y)) : y e Bn-i{x, r^)} C Q(a, /i, p, a) 

3. Bl n Sjv(x, r^,) C {(y, gx{y)) - V ^ Bn-i{x, r^)} 
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4. for every y G BN_i{x,r^), Fn{y,g^{y)) = and 

dgx 



dxi 



Since 5^ is compact, we may choose r > 0, such that for every a; G 5^, the 
conditions 1-4 holds with Tx = r. 

Denote Vn — {x:x& B^}, V = {x : x & fl{a, h, p, a)}. Then Vn is com- 
pact, and because of 2, we conclude 

K C y Bjsi-i{x,r/3) Cfl{a,h,p,a). 
xeVn 

By Lemma 5.1, we can choose a finite family of disjoint balls {Bf^^i{xj,r /3)}, 
such that 

Vn C [JBn-i ixj,r). 
j 

Now observe, that if x' G r2(a, /i, p, a) and x = x', then, by (small modifica- 
tion of) Lemmas 6.4 and 6.5, for every 9 G (0, 1), 9x + {l — 9)x' G fl{a, h, p, a). 

^^^^^ dF 

the projection f2(a, /i, p, a) n {a; : Fn{x) = 3 x ^x &V \s "one to one", 
and we have 

c U {(y, gx,{y)) : y e Siv-i(x,-, r)} . 

Therefore 



„ N-l 



<^/l + (7V-l)(^(^±^) J2^N-i{BN-iixj,r)) 



a 



= Cc,3^ ^^mN-i{BN-i{xj,r/3)) = c^S^ ^mjv-i ( |J BN_i{xj,r/3) J 



< Ca3^~^mN-i{V) < Ca3'^-'mN-i{{x ■.xeD})<oo, 



,Ar-l 
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where mjv-i denotes N —1 dimensional Lebesque measure. Hence cr„(i?^) is 
bounded by a positive constant, which does not depend on n. 

Now is a portion of the set {x e : S{x) — h — En}, moreover 



\V5{x)\ < VN 

and 



dS , , 
x) 



dx 



N 



>1 



2(1 + 0;) 

for every x £ Bjf. Hence, by very similar arguments, an{B^) is uniformly 
bounded with respect to n. 

□ 

Proof of Theorem 7.1 part 1. By the use of Lemma 6.8, we may assume, 
without loss of generality (neglecting a set of arbitrarily small measure), that 
E is closed and u is bounded in the region 

= U 

for every a > 0. We may also assume, that u is real valued. 

Choose a > and let h, p be the constants from Lemma 7.1 with respect 
to a; assume additionally, that h satisfies the condition of Corollary 3.1. Fix 
a & E; we shall prove that 

S'aU{y)= I \Wu{x)\\5{x)f-''dx 

is finite for almost every y G E{a, p) — E H B{a, p). It suffices to show that 

/ S^u{y)da{y) < 00. 

JE{a,p) 

Let Vi Q^) be the characteristic fimction ofV^{y). That is, x{^-i Ui ot) — 
1 \f\x — y\ < {1 + a)5{x) and 5[x) < h, otherwise x(a;, y, a) = 0. 
We have 

S^My)da{y)^ [ ( [ \Vu{x)mx)r-''dx] da{y) 

E{a,p) JE{a,p) \Jrh(y) J 

= / il x{x.y.oc)\Vu{x)\\b{x)f-'^d^da{y) 

JE(a,p) \Jn{a,h,p,a) / 
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= / if xix,y,a)daiy)] \Vuix)\'i6ix)f-'' dx, 

Jn{a,h,p,a) \JE{a,p) / 

where 

n{a,h,p,a)^ U r^(y). 

yeE{a,p) 

However 

/ xix,y,a)da{y) < da{y) ^ a {KiTrix), {2 + a)S{x))} , 

JE{a,p) J K{Tt(x),{2+a)5(x)) 

and by Lemma 3.3, there exists a positive constant c^, such that 
(7 {i^(7r(x), (2 + a)5{x))} < cJ{xf-\ 

Thus it suffices to show that 



/ 5{x)\Vu{x)\^dx < oo. 

J Cl(a,h,p,a) 



' Q{a,h,p,a) 

We shall transform the last integral by Green's theorem. In order to do this 
we shall use the approximating smooth regions Q„ discussed in Lemma 7.2. 
Therefore, by the properties of the last inequality is equivalent with 



/ S{x)\'Vu{x)\'^dx < c < oo, 



where the constant c is independent of n. Since the region fin has a suffi- 
ciently smooth boundary Bn, we apply to it Green's theorem in the form 

/ (G^-F^)dan = f {GAF-FAG)dx. 

Here d/dPn indicates the directional derivative along the outward normal to 

In the above formula we take F — v?, and G = 5. K simple calculation 
shows that A {v?) — 2|Vtip, since u is real valued and harmonic. Therefore 
we obtain 



The Area Theorem 



62 



2 / 6{x)\Vu{x)\^dx = / u\x)A6{x)dx 



Now because \S{x) — S{y)\ < \x — y\, we conclude, as in the proof of 
Lemma 7.2, that for x e Q(a, h, p, a) 



d6 

dxk 



(x) 



<1, A; = 1,...,7V, 



since h satisfies the condition of Corollary 3.1. Because Qn C Q{a,h,p,a), 
the inequality holds for x G fin- Moreover, by Lemma 3.5, there exists a 
constant M > such that for every x,y E fl{a, h, p, a) we have 



— (x) - —( ) 
dxk dxk 



<M\x-y\, k^l,...,N. 



Therefore 



dxl 



For P > a we have 



yeE 



Hence, there exists Ci = Ci(/9) > 0, such that \u\ < Ci on fin- Notice also 
that dv? /di^n = 2m • du/dvn- Thus 



< 2\u{x)\-5{x) 



du 



dVr. 



(x) 



< 2\u{x)\ ■ 5{x) ■ \S/u{x) 



for x e fin- By Lemma 7.1, there exists C2 = £2(0;, such that 5(x)|Vw(x)| < 
C2 on Q(a, /i, p, a). Therefore we have 



/ u'^{x)AS{x)dx+ iS{x) — {x)-u'^{x) — {x)jdan{x) 
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< f \u{x)\''\A5{x)\dx + I ( 

< c\ ■ NM ■ mjv(f^n) + 2ciC2a„(5„) + cl \V5{x)\dan{,x) 

J Bn 

<cl-NM- mN{D) + (2ciC2 + Ncj) an{Bn), 

where mjv is N dimensional Lebesque measure. By Lemma 7.2, an{Bn) is 
uniformly bounded, so the proof is complete. 

□ 
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du 

5{x) — {x) 



+ \u{x) 



05 



\x 



da„{x) 



